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Fig. 1 Total pressure distributions along the centerline of the duct.

In the theoretical solution it is assumed that the turbulent
viscosity is known a priori. In this study Ferri’s* model is
used in the potential core region

i = rx((pu)e — 1) )
where « is a constant.

In the main mixing region two different models are used.
The first assumes that the turbulent viscosity is constant

i = const 2
The second is the model employed by Edelman®:
fi = 0.0187,,,(pi7). 3)

where 71, is the nondimensionalized half-radius defined by the
location of the mean mass flow rate per unit area across the
duct. It is also assumed that the turbulent Prandtl and
Schmidt numbers are equal to 1.

Comparison of Theory and Experiment

Experimental centerline distributions of total pressure for
air/air jet mixing obtained by John® in a constant area duct
are compared with theoretical calculations in Fig. 1. The
initial conditions in the jet and external stream are also pre-
sented in the figure. For both cases the constant in the
potential core viscosity model was evaluated using a freejet
mixing analysis. For the first case « = 0.0008, and for the
second « =0.0005. Also, the length of the potential core
was taken from the experiment. For the first case (u; = 735
fps) i = 0.012 in the main mixing region results in a theoretical
distribution which is in good agreement with the experimental
distribution. Use of the Edelman model also results in good
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Fig. 2 Radial distributions of the total pressure, case 1.
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agreement between theory and experiment. In the second
case (u; = 1010 fps) @ = 0.024 gives good agreement between
theory and experiment. For this latter case the Edelman
model predicts too slow of a mixing process.

Experimental radial distributions of total pressure are
compdred with theoretical calculations in Fig. 2 for case I.
The theory utilized Eqs (1) and (2). The agreement between
theory and experiment is good for both the potential core and
main mixing regions.

Certainly the good agreement between theory and experi-
ment demonstrates the ability to predict coaxial jet mixing in
a constant area duct. However, it is felt that extensive data
analysis is needed to determine a reliable turbulent viscosity
model for this type of mixing process.
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Interpolation Using Surface Splines

RoBERT L. HARDER*
MacNeal-Schwendler Corp.
AND

ROBERT N. DESMARAIST
NASA Langley Research Center

1. Introduction

SURFACE spline is a mathematical tool for interpolating

a function of two variables. It is based upon the small
deflection equation of an infinite plate. The method was
originally developed for interpolating wing deflections and
computing slopes for aeroelastic calculations. The main
advantages of the surface spline are that the coordinates of the
known points need not be located in a rectangular array and
the function may be differentiated to find slopes.

A linear spline, which is based upon the small deflection
equation of an infinite beam, has been quite useful for one-
dimensional interpolation.. A lattice of linear splines has been
used! to solve the two-dimensional problem. An advantage
of the surface spline method it is that does not require the
user to locate the splines.

Received October 1, 1971.
* Staff Scientist. Member ATAA.
+ Aerospace Engineer, Loads Division.



190 J. AIRCRAFT

The surface spline depénds upon the solution of a system of
linear equations, and thus, will ordinarily require the use of
a digital computer. The closed form solution involves no
functions more complicated than logarithms, and is easily
coded.

II. Mathematical Analysis

The surface spline is a plate of infinite extent that deforms
in bending only. The differential equation relating bending
deflections and loads of a plate is

DV*W =gq (€))

Deflections are specified at N independent points (x;, )
i=1, N. This requires point loads P; at these N points. The
values of these loads must be determined to give the specified
deflections.

The first step is to find the deflection due to a point load.
Introduce polar coordinates (x = r cosf, y = r sinf), and deter-
mine the symmetric deflection due to a point load at the
origin. Integrating Eq. (1),

W(r)= A+ Br?+ (P/16mD)r? Inr? 2)

In Eq. (2), 4 and B are undetermined coefficients, and P is the
point load. The deflection of the entire spline will be taken
as the sum of solutions of Eq. (2).

W(x,y) = i (A; + Bir: + (Pi/16wD)r? Inr?) [€))

where
ré =x—x)* +(y—y)?

The surface spline should become “flat” a long distance
from the applied loads. Put x =r cosf, y = rsinf, and ex-
pand Eq. (3) for large r.

N
W(r, 0) =r?Inr? ZNl(Pi/l67rD) + VZ,Z,B"

N
—2rInr? Y (x; cosd + y; sind)(P;/ 167 D)
i=1

4
N
+2r Y (x; cosd + y; sinf)(P,/16w D — B;)
i=1
N
+1nor2 Y (x2 4+ yA(P:/167D) + - -+
i=1
The remaining terms are of order 1, r =, r=2, etc. Terms of
order 2 Inr?, r2, and r Inr? can be climinated by setting
2 P, =0 (5)
Z xin =0 (6)
Z yiPi=0 @)
> B =0 ®)

Equations (5)-(7) are recognized as the equilibrium equations.
Thus the actual condition for large r is that ¥ contains terms
of order x =r cosf, y = r sinf, Inr?, 1, etc.
The resulting equations are rearranged into a form useful
for computation.
N
Wxy)=ao+ax+ ay+ ;‘i Fr?lnr? ®

where r2 =(x—x:)*+(y —y)%. To get from Eq. (3) to
Eq. (9), let :

N N
Qo = z; [4;: + Bl(xi2 + )’12)], a = —Zl;Bgyi,
N
a; = —2 ZBixi, F; =Pi/167TD,
i=1
and use Eq. (8). The N + 3 unknowns are determined from

N N N
z;Fi zigzlszt :iZIyiFi =0 (10)
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and
N
Wj=ao+a1xj+azy,—I—i_le}ruzlnruz for (j=1, N) (11)

where ri;? = (x; — x;)> + (y: — y;)®.  In order to use a surface
spline, three or more noncolinear points (x;,y;) must be speci-
fied. Some care is required when applying the formula for
r =0, since
Limrlnr2=0 12)
N
even though Inr? does not exist. Equation (9) can be differ-
entiated to give (for example)

0 N
% 6y =ay + 23 F(l + Inrd)(x — x) (13)
i=1

III. Results

Figures 1 and 2 show comparisons of surface-spline inter-
polations with interpolations by 21-term least-squares poly-
nomials.t For each function, the surface was fitted at the

a) 2l-term . S
polynomial. -
W

----------- desired surface
-approximation

b} Surface N
spline. N

Fig. 1 Comparison of a 21-term least-squares polynomial approxi-
mation with surface spline approximation to a bell-shaped surface.

a) 2l-term
polynomial.

——————————— desired surface
——————approximation

b) Surface
spline.

Fig. 2 Comparison of a 21-term least-squares polynomial approxi-
mation with surface spline approximation to part of a cone.

¥ The order of the polynomial was chosen as near optimum for
good fit. Such polynomials have been used for interpolating
deflections and calculating slopes of wings.
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121 points located at the intersections of the curves. In
Fig. 1, the bell-shaped surface

W(x,y) =1+ 9x* 4 162 ~* (14)

is difficult to approximate with a polynomial due to the Runge
effect (i.e., it has poles nearby in the complex plane). Figure 2
is a part of the cone

Wx,y) =1— (x> + y*)/2)!* (15)

The superiority of the surface spline is clearly indicated in
both figures.

IV. Modifications

There are several modifications which can be incorporated.

a) Scaling. If the points (x;, ;) lie within a long narrow
zone, a linear transformation can be and ordinarily should
be made to transform the points into a nearly rectangular
zone. This is illustrated in Fig. 3.

b) Symmetry. If one or two planes of symmetry or anti-
symmetry exist, then use can be made of images either to
improve accuracy or to reduce the number of simultaneous
equations. For example, if W (x,y) is symmetric about x =0,
then replace Eq. (9) with

N
W(x,y) =ao+ a:y + Y Fi(r?Inr? + 72 Ini?)  (16)
=1

where 72 =(x + x>+ (y —y)* Thenset> F, =Y y,F, =0,
and W; = W{(x;,,y,) for the required N 4 2 equations.

¢) Smoothing with elastic springs. Instead of forcing the
plate to pass through the N points, apply elastic spring forces
to the plate that are proportional to the difference between the
desired data point and the smoothed interpolated surface.
Mathematically this is the same as Eq. (9) with

N
W'J=a0+a1xj+a2y,~+ ZlFirijz lnr;,-erC,F,- (17)

The coefficients C;, which have units of length squared, are
equal to 16w D/K;, where D is the plate rigidity and K; is the
spring constant associated with the jth point. For C; =0
(K; = ) we get the original spline, and for C — o (K—0),
the function (11) approaches a least-squares plane fit.

d) Smoothing with distributed loads. If the term r? Inr?
is replaced by r?In(r? 4+ ¢) in both Egs. (9) and (11), then a

a) Surface spline interpolation of mean camber
surface of aircraft wing using 30 points per
chord on several unequally spaced chords.
The hill and valley effect results from the
chord spacing being much greater than the
point spacing along the chords,

b} The same input data as figure 3 a), Before
spline interpolating the coordinate axes were
shifted to the c.g. of the data points, rotated
%o principal axis, and the abscissas were
scaled by dividing by the radii of gyration in the
two principal directions, This type of scaling
is very easy to do because it requires no
information other than the data abscissas. 7

Fig. 3 Effect of scaling data abscissas.
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new surface is generated which passes through N points. If
the loads are computed from Eq. (1), it follows that they are
no longer point loads, but are distributed loads. The loads
approach point loads as the parameter ¢ approaches zero.
This procedure produces a surface for which all derivatives
exist everywhere, and furthermore, it simplifies the coding
somewhat.
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Comment on “Transonic Airfoil Design”

J. SMOLDEREN*
Von Kdrmdn Institute for Fluid Dynamics,
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N their paper,” Cahn and Garcia present a method for

the solution of the supercritical wing problem, based on a
transformation of the polar hodograph coordinates, which
reduces this problem to an incompressible . potential flow
calculation. Using this approach, a mixed elliptic-hyperbolic
bouindary problem, or even a purely hyperbolic problem could
be reduced, in the general case, to a purely elliptic problem,
and vice versa.

This result is clearly paradoxical as it contradicts well- .
known properties of elliptic and hyperbolic equations. For
instance, using Cahn and Garcia’s technique, it would become
possible to construct well behaved solution of a Cauchy prob-
lem for an elliptic equation. One simply has to solve the
problem in the supersonic region of the compressible hodo-
graph plane, using, say, the method of characteristics, and
then use the transformation (7) to obtain a reasonable solution
of a Cauchy problem for the Laplace equation in the incom-
pressible hodograph plane. If the Cauchy data used is
bounded, but highly oscillatory in nature, then the solution
of the hyperbolic problem in the compressible hodograph
plane will also be bounded and the transformed solution will
have the same property. However, the solution of a Cauchy
problem with highly oscillating initial data for an elliptic
equation cannot generally be bounded, because of the presence
of highly divergent exponentials. This indicates that some-
thing of fundamental qualitative nature must be wrong in
the method proposed by Cahn and Garcia.

In fact, it is obvious, by applying the transformation (7) to
Eq. (2), that Eq. (1) are not recovered. The resulting system
is elliptic as expected from the well-known property that the
elliptic, hyperbolic, parabolic, or mixed character of a
differential system is conserved by a transformation of inde-
pendent variables. The transformation is thus meaningless
and the paradox is resolved. The arguments proposed by
Cahn and Garcia to justify the replacement of a well defined
mixed type differential system by a completely different
elliptic system are interesting and their fallacy can be shown
only by subtler considerations.

Essentially, the algebra involved in deriving Egs. (4-7)
cover a basic assumption which is justified at the end of the
section “Outline of Theory.” The authors are aware of the
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